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Influence of random pinning on melting scenario of two-dimensional core-softened
potential system
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The random disorder can drastically change the melting scenario of two-dimensional systems and
has to be taken into account in the interpretation of the experimental results. We present the
results of the molecular dynamics simulations of the two dimensional system with the core-softened
potentials with two repulsive steps in which a small fraction of the particles is pinned, inducing
quenched disorder. It is shown that without the quenched disorder the system with small repulsive
shoulder, which is close in the shape to the soft disks, melts in accordance with the melting scenario
proposed in Refs. [30, 31, 33] (first-order liquid-hexatic and continuous hexatic-solid transitions).
Random pinning widens the hexatic phase, but leaves the melting scenario unchanged. For the
system with larger repulsive step at high densities the conventional first-order transition takes place
without random pinning. However, in the presence of disorder the single first-order transition
transforms into two transitions, one of them (solid-hexatic) is the continuous KTHNY-like transition,
while the hexatic to isotropic liquid transition occurs as the first order transition.
PACS numbers: 61.20.Gy, 61.20.Ne, 64.60.Kw
INTRODUCTION
Nature of two-dimensional melting is one of the long-
standing problems in condensed matter physics. Despite
a lot of publications in past forty years, the controversy
about the microscopic nature of melting in two dimen-
sions (2D) still lasts. In contrast to the three dimensional
case, where melting occurs through the conventional first
order transition, several microscopic scenarios were pro-
posed for the microscopic description of 2D melting. The
reason of this difference is the drastic increase of fluctu-
ations in 2D in comparison with the 3D case. Landau,
Peierls and Mermin [1] showed that in two dimensions
the long-ranged positional order can not exist because
of the thermal fluctuations and transforms to the quasi-
long-ranged one. On the other hand, the real long-ranged
orientational order (the order in directions of the bonds
joining the particle with its nearest neighbors) does exist
in this case.
Now the Kosterlitz-Thouless-Halperin-Nelson-Young
(KTHNY) theory of 2D melting [2–5] is the most widely
accepted. In this theory it was proposed that 2D solids
melt through two continuous transitions, which are in-
duced by the formation of the topological defects. For
example, an elementary topological defect of the trian-
gular lattice is a disclination. Disclination in a triangu-
lar crystal lattice is defined as an isolated defect with
five or seven nearest neighbours. A dislocation can be
considered as a bound pair of 5 and 7-fold disclinations.
In the framework of the KTHNY scenario, the 2D solid
melts through dissociation of bound dislocation pairs. In
this case the long-ranged orientational order transforms
into quasi-long-ranged one, and quasi-long-ranged posi-
tional order becomes short-ranged. This new intermedi-
ate phase is called a hexatic phase. In turn, the hexatic
phase transforms into an isotropic liquid phase with a
short-ranged orientational and positional orders through
unbinding of dislocations (5 and 7-fold bound pairs) into
free disclinations. It should be noted, that the KTHNY
theory gives only limits of stability of the solid and hex-
atic phases and does not reject the possibility of the pre-
empting first order liquid-solid transition with another
melting mechanism.
The KTHNY theory seems universal and applicable to
all system. However, it contains two phenomenological
parameters, the core energy of dislocation Ec and Frank
module of hexatic phase KA, which do not have explicit
expressions in terms of the interparticle potential. As
it was shown later, with decreasing Ec melting can oc-
cur through a single first-order transition as a result of,
for example, the formation of grain boundaries [18] or
”explosion” of 5-7-5-7 quartets (bound dislocation pairs)
into free disclinations [19].
Recently the KTNHY scenario was unambiguously ex-
perimentally confirmed for superparamagnetic colloidal
particles interacting via long-range dipolar interaction
[6–10]. In these experiments the particles are absorbed at
liquid-air interface, which restricts the out-of-plane mo-
tion. On the other hand, in very popular experimen-
tal systems of colloidal particles confined between two
glass plates [11] the melting transition consistent with
the KTHNY scenario was found [12–14]. At the same
time, a first order liquid-solid [15] and even a first-order
liquid-hexatic and a first-order hexatic-solid phase transi-
tions [16] are also possible. One can conclude from these
results that the melting mechanism is not universal and
depends on the interparticle interactions. However, con-
troversies still exist even for the same systems, like, for
example, for hard spheres [20–29].
Recently, another melting scenario was proposed [30–
235]. In contrast to the KTHNY theory, it was argued
that in the basic hard disk model the hexatic phase does
exists, and the system melts through a continuous solid-
hexatic transition but a first-order hexatic-liquid transi-
tion [30–32]. In Ref. [34] it was shown that there is a first-
order transition between the stable hexatic phase and
isotropic liquid in 2D Yukawa system. In their work [33]
Kapfer and Krauth have considered the behavior of soft
disk system with the potential of the form U(r) = (σ/r)n.
They have shown that the system melts in accordance
with the KTHNY theory for n ≤ 6, while for n > 6 the
two-stage melting transition takes place with the contin-
uous solid-hexatic transition and the first-order hexatic-
liquid one. Experimental confirmation of this scenario
was found in the system of colloidal particles on water-
decane interface [17]. It should be also noted the recent
publication [36], where for the Herzian disks model it
was shown that at low densities there is a discontinu-
ous liquid-hexatic transition while at higher densities the
system melts through the continuous Kosterlitz-Thouless
transition.
In real experiments, two-dimensional confinement is
typically realized in slit pores of different nature or by
adsorption on solid substrates. In both cases the frozen-
in (quenched) disorder due to some roughness or intrinsic
defects can appear. Quenched disorder can change the
melting scenario in 2D. A disordered substrate can have
the similar destructive effect on the crystalline order as
temperature and can lead to the melting even at zero
temperature [37–40]. In Refs. [37, 38] it was shown, that
the KTHNY melting scenario persists in the presence of
weak disorder. As it is intuitively clear, the temperature
of the hexatic-isotropic liquid transition Ti is almost un-
affected by disorder, while the melting temperature Tm
drastically decreases with increasing disorder [37–40]. As
a result, the stability range of the hexatic phase widens.
These predictions have been confirmed in experiment and
simulations of the system of superparamagnetic colloidal
particles [9, 10]. In these experiments the particles form
a monolayer on the bottom of a cylindrical glass cell of
5−mm diameter due to gravity. Quenched disorder oc-
curs due to pinning of a small amount of particles to the
glass substrate due to van der Waals interactions and
chemical reactions. In our simulations we tried to choose
the simulation method in qualitative accordance with this
experimental setup.
In this paper, we present a detailed computer simu-
lation study of 2D phase diagram of the previously in-
troduced core softened potential system [41–46] in the
presence of the quenched disorder for different values of
the width of the repulsive shoulder. Various forms of
the core-softened potentials are widely used for the qual-
itative description of the water-like anomalous behav-
ior, including density, structural and diffusion anomalies,
liquid-liquid phase transitions, glass transitions, melt-
ing maxima [41–59]. In our previous publications the
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FIG. 1: The potential (1) with two different soft-core diame-
ters: σ1/σ = 1.15; 1.35.
preliminary result on the phase diagram of the sys-
tem were reported [60–63]. It was shown that the ran-
dom pinning widens the range of the hexatic phase and
transforms the first-order melting at high densities into
two transitions - first-order liquid-hexatic and continu-
ous Kosterlitz-Thouless-like solid-hexatic transitions [64].
Here we present the corrected version of the phase di-
agram for the system with the larger repulsive shoul-
der, obtained with the use of additional criteria including
the calculation of the diffusion coefficient of the hexatic
phase.
We also study the system with small repulsive shoul-
der. It is shown, that in this case the behavior of the
system is similar to the soft disks one [33]. The pres-
ence of the random pinning leads to drastic increase of
the width of the hexatic phase, but does not change the
melting scenario.
SYSTEMS AND METHODS
In the present simulations we study the system which
is described by the potential [41–46, 60–62, 64]:
U(r) = ε
(σ
r
)n
+
1
2
ε (1− tanh(k1{r − σ1})) . (1)
where n = 14 and k1σ = 10.0. σ is the hard-core diame-
ter. We simulate the systems with two different soft-core
diameters: σ1/σ = 1.15; 1.35. (see Fig. 1).
In the remainder of this paper we use the dimensionless
quantities, which in 2D have the form: r˜ ≡ r/σ, P˜ ≡
Pσ2/ε, V˜ ≡ V/Nσ2 ≡ 1/ρ˜, T˜ ≡ kBT/ε, σ˜ = σ1/σ. In
the rest of the article the tildes will be omitted.
In this article we make the molecular dynamics simu-
lations in NV T and NV E ensembles in the framework of
the LAMMPS package [66] with the number of particles
from 20000 to 100000. In order to obtain the quenched
3disorder in the system, we randomly choose a subset of
particles at the random positions and let them to be im-
mobile for the entire simulation run [64]. The simulations
of 10 independent replicas of the system with different
distributions of random pinned patterns were made. The
thermodynamic functions were calculated by averaging
over replicas. We calculate the pressure P versus den-
sity ρ along the isotherms, and the correlation functions
G6(r) and GT (r) of the bond orientational ψ6 and trans-
lational ψT order parameters (OPs), which characterize
the overall orientational and translational order [64].
The translational ψT (TOP) and the orientational
order parameters ψ6 (OOP) along with the bond-
orientational G6(r) (OCF) and translational GT (r)
(TCF) correlation functions are defined in the conven-
tional way [3, 4, 26, 28, 29, 36, 58, 59] with the subsequent
averaging over the quenched disorder [64].
In accordance with the standard definitions [3, 4, 36],
TOP has the form:
ψT =
1
N
〈〈∣∣∣∣∣
∑
i
eiGri
∣∣∣∣∣
〉〉
rp
, (2)
where ri is the position vector of particle i and G is the
reciprocal-lattice vector of the first shell of the crystal
lattice. The translational correlation function can be ob-
tained from the equation:
GT (r) =
〈
< exp(iG(ri − rj)) >
g(r)
〉
rp
, (3)
where r = |ri − rj | and g(r) =< δ(ri)δ(rj) > is the
pair distribution function. The second angular brackets
< ... >rp correspond to the averaging over the random
pinning. In the solid phase without random pinning the
long range behavior of GT (r) has the form GT (r) ∝ r
−ηT
with ηT ≤
1
3 [3, 4].
To measure the orientational order and the hexatic
phase, the local order parameter which determines the
6-fold orientational ordering can be defined in the follow-
ing way:
Ψ6(ri) =
1
n(i)
n(i)∑
j=1
einθij , (4)
where θij is the angle of the vector between particles i
and j with respect to a reference axis and the sum over j
is counting n(i) nearest-neighbors of j, obtained from the
Voronoi construction. The global OOP can be calculated
as an average over all particles and random pinning:
ψ6 =
1
N
〈〈∣∣∣∣∣
∑
i
Ψ6(ri)
∣∣∣∣∣
〉〉
rp
. (5)
The orientational correlation function G6(r) (OCF) is
given in the similar way as in Eq. (3):
G6(r) =
〈
〈Ψ6(r)Ψ
∗
6(0)〉
g(r)
〉
rp
, (6)
where Ψ6(r) is the local bond-orientational order param-
eter (4). In the hexatic phase there is a quasi-long range
order with the algebraic decay of the orientational cor-
relation function G6(r) ∝ r
−η6 with 0 ≤ η6 ≤
1
4 [3–5].
The stability criterion of the hexatic phase has the form
η6(Ti) =
1
4 .
The influence of disorder on the orientational and
translational correlation functions has been considered
in our previous publication [64] (see Fig. 1 in [64]). In
the presence of pinning, it was not found any qualitative
change in the behavior of G6(r) in accordance with the
results of Nelson and coworkers [37, 38] and our intuitive
expectations. On the other hand, the translational cor-
relation function GT (r) demonstrates the qualitatively
different behavior when the random disorder presents.
Without pinning one has the conventional power law de-
cay of TCF. In the case of pinning, the slope of the en-
veloping line increases at some crossover value r0. The
region r < r0 corresponds to the local order unaffected
by quenched disorder, while asymptotic behavior of TCF
for r > r0 is determined by the random pinning [64].
It was also shown that, in accordance with the intuitive
physical picture, r0 decreases with increase of impurities
concentration along with the increase of the slope of the
enveloping line. The equality ηT (Tm) = 1/3 for the long
range asymptote of TCF (for r > r0) can be considered
as the solid-hexatic stability criterion. The hexatic-liquid
stability point corresponds to η6(Ti) = 1/4 [37, 38].
RESULTS AND DISCUSSION
σ = 1.15
Let us first consider the behavior of the system with
the small repulsive shoulder σ = 1.15. In this case, as one
can see in Fig. 1, the form of the potential is very close
to the soft disk with n = 14. The preliminary discussion
of the phase diagram of this system can be found in Ref.
[61], where the isotherms with the van der Waals loops
are presented along with the phase diagram calculated
with the help of the double-tangent construction to the
Helmholtz free energy curves [65].
In Fig. 2 we show the orientational correlation func-
tions (OCF) for the system without quenched disorder
(a) and with the random pinning (concentration of pin-
ning centers is 0.1%) at temperature T = 0.2. One can
see that the behavior of the OCFs is equivalent for both
cases, as it was discussed in the Introduction, and the
limits of stability of the hexatic phase, determined from
the condition η = 1/3, coincide too. From Fig. 2 it fol-
lows that the density at which hexatic phase becomes
unstable is ρ ≈ 0.613.
On the other hand, the translational correlation func-
tions of the systems with and without random pinning
are qualitatively different (see Fig. 3). In this case the
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FIG. 2: OCF for different densities at T = 0.2 without ran-
dom pinning (a) and concentration of the pinning centers
0.1% (b).
densities corresponding to the loss of stability of the solid
phase are considerably different. From Fig. 3 (a) one can
see that without pinning the stability limit corresponds
to ρ ≈ 0.63 while in the system with the quenched disor-
der the solid-hexatic stability limit is ρ ≈ 0.65 (see Fig. 3
(b)).
In Fig. 4 the equation of state at T = 0.2 is presented.
It is seen that the liquid-hexatic stability limit density is
located inside the Van der Waals loop region for both
systems - with and without the random pinning. At
the same time, for the pinning-free system the hexatic-
solid stability limit is located outside the Van der Waals
loop. One can conclude that in this case the system
melts in accordance with the melting scenario proposed
in Refs. [30, 31, 34].
In the presence of the random pinning the hexatic-solid
instability density shifts to the higher densities, however,
the melting scenario does not change. We have first-
order liquid-hexatic transition and continuous hexatic-
solid transition. In Fig. 5 the corresponding behavior
of the orientational ψ6 and translational ψT order pa-
rameters is shown. The orientational order parameter
ψ6 demonstrates the conventional behavior characteris-
tic, for example, for the system without random pinning
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FIG. 3: TCF for different densities at T = 0.2 without ran-
dom pinning (a) and concentration of the pinning centers
0.1% (b).
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FIG. 4: Isotherms of the system with σ = 1.15 without pin-
ning (trianges) and with the concentration of the pinning cen-
ters equal to 0.1% (stars) for T = 0.2.
[61]. However, the translational order parameter ψT has
the qualitatively different form. In Fig. 5 one can see
that the ψT curve has step-like behavior. In decreasing
the density, ψT jumps downward at ρ ≈ 0.65 correspond-
ing to the stability limit of the solid phase in the presence
of random pinning. On the other hand, ψT is not equal
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FIG. 5: The orientational Ψ6 and translational ΨT order pa-
rameters for the system with random pinning and σ = 1.15.
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FIG. 6: The diffusion coefficient of the system with σ = 1.15
with (red circles) and without (black squares) random pin-
ning.
to zero at ρ ≈ 0.65 because the local translational or-
der does exists in this state (see Fig. 3 and discussion in
the previous Section). The translational order parameter
disappears only in the two-phase region.
Because the translational order parameter ψT is not
equal to zero in the hexatic phase, it is interesting to cal-
culate the coefficient of diffusion in order to be sure that
the system is really a liquid (but with quasi-long range
orientational order). It should be noted that in the cases
when the hexatic phase was reported (see, for example,
[30, 31, 34, 59]) its density range is extremely narrow, and
it is very difficult to calculate its dynamic properties. In
the presence of quenched disorder the hexatic phase con-
siderably widens, and the calculation of diffusion coeffi-
cient becomes more reliable. In Fig. 6 we present the dif-
fusion coefficient for σ = 1.15 with and without random
pinning. One can see that without pinning the increase
of the diffusion coefficient begins at ρ ≈ 0.63, while in
the system with random pinning the diffusion coefficient
begins to become nonzero at ρ ≈ 0.65 in accordance with
the results shown in Figs. 4 and 5.
σ = 1.35
In the case of σ = 1.35, the results are more complex
and interesting in comparison with the previous Subsec-
tion. As it was shown in our publications [60–64], the
phase diagram of the system obtained with the help of the
Helmholtz free energy calculations for different phases
and construction of a common tangent to them [65] has
three different crystal phases, one of them has square
symmetry and the other two are the low density and high
density triangular lattices (see, for example, Fig. 6 (a) in
[62]). As it was suggested in [60–63], melting of the low
density triangular phase is a continuous two-stage tran-
sition, with a narrow intermediate hexatic phase. This
conclusion was made from the double-tangent construc-
tion and calculations of the behavior of OOPs and TOPs.
However, the more precise analysis based on the study
of the orientational and translational correlation func-
tions is necessary. At the same time at high densities the
square and triangular phases melt through the first order
transitions. At high temperatures and high density there
is one first order transition between triangular solid and
isotropic liquid. It should be noted that the water-like
thermodynamic and dynamic anomalies do exist in this
case [62].
Let us first consider the effect of pinning on the high
density part of the phase diagram where melting occurs
through the first-order phase transition. Before to pro-
ceed, let us consider the behavior of the system without
quenched disorder in more detail.
Fig. 7 illustrates the behavior of OCF and TCF for dif-
ferent densities at T = 0.3 without pinning ((a) and (b))
and with the concentration of the pinning centers equal
to 0.1% ((c) and (d)). Using equations ηT = 1/3 and
η6 = 1/4, we calculated the limits of stability of hexatic
and solid phases. One can see that without quenched
disorder both these limits lie inside the two-phase region
(Van der Waals loop) of the corresponding equation of
state (see Fig. 8). From these results it is possible to
conclude that in this case there is the only first-order
liquid-solid transition without hexatic phase.
On the other hand, from Fig. 7 (c) one can see that
random pinning leaves almost unaffected the limit of sta-
bility of the hexatic phase, while considerably changes
the location of hexatic-solid transition (see Fig. 7 (d)).
In this case the melting scenario qualitatively changes
- instead of one first-order transition we have two-stage
melting with first-order liquid-hexatic transition and con-
tinuous Kosterlitz-Thouless hexatic-solid transition with
the intermediate hexatic phase. For the first time this
kind of behavior was found in [64].
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Even more interesting picture takes place at low den-
sities. In Fig. 9 we present the OCFs and TCFs for the
system without random pinning at T = 0.12 at densi-
ties corresponding to the left and right borders of the
”cupola” of the triangular solid at low density part of
the phase diagram (see Fig. 6 (a) in [62] and Fig. 12). In
Fig. 10 the isotherms corresponding to these borders are
shown for the same temperature T = 0.12. One can see,
that the limits of stability determined from the equations
ηT = 1/3 for the solid phase and η6 = 1/4 for the hexatic
phase are inside the two-phase region of the first-order
melting transition of the system without pinning for the
left part of the dome, while at the right border of the
dome the line of solid-hexatic transition obtained from
condition ηT = 1/3 is outside of the two-phase region
(see Fig. 10). From this picture one can conclude that
without random pinning at the low density border of the
dome the system melts through one first-order transition,
while at high density (right) border the two-stage melt-
ing takes place with first-order liquid-hexatic transition
and continuous hexatic-solid one.
As it was discussed above, random pinning leaves al-
most unaffected the line of the liquid-hexatic transition,
while considerably changes the location of hexatic-solid
stability limit. At the same time, the Van der Waals
loops which are characteristic of the first order transi-
tion are almost unchanged by impurities. As a result, in
the presence of random pinning the hexatic phase dras-
tically widens in accordance with the theoretical predic-
tions [9, 10, 37, 38, 64], while in the case of the sin-
gle first-order melting the transitions splits into first-
order liquid-hexatic transition and continuous hexatic-
solid transition. The stability limits of the hexatic-solid
transitions at T = 0.12 in the presence of the random
pinning are shown in Fig. 10.
As in the previous subsection, we calculated the diffu-
sion coefficient of the system without and with random
7pinning (Fig. 11) for ρ = 0.48. One can see that without
pinning the increase of the diffusion coefficient begins at
T ≈ 0.18, while in the system with random pinning the
diffusion coefficient begins to become nonzero at T ≈ 0.15
in accordance with the results shown in Fig. 12 (b).
The results characterizing the influence of random pin-
ning on the phase diagram of the system with σ = 1.35
are shown in Fig. 12. The effect of random pinning on
the first-order melting transition is shown in Fig. 12 (a)
for the temperatures higher than 0.3. It should be noted
that the phase diagram was calculated using the double-
tangent construction to the Helmholtz free energy and
the Maxwell construction for the corresponding Van der
Waals loops. In this case, as it was discussed above, the
transition in the pure system is of first order. The line
whereG6(r) decays algebraically with the exponent equal
to 1/4 is located inside the two-phase region. At the same
time, in the presence of random pinning the line of solid-
hexatic transition obtained from condition ηT = 1/3 is
shifted to higher densities, and random pinning trans-
forms the single first-order transition into two transition
with rather wide hexatic phase. The solid-hexatic tran-
sition is continuous, while the hexatic phase transforms
into isotropic liquid through first-order transition.
In Fig. 12 (b) we plot the low-density part of the phase
diagram. The dashed lines correspond to the two-phase
regions obtained with the help of the Maxwell construc-
tions for the corresponding Van der Waals loops. One
can see that without random pinning the limits of sta-
bility of the hexatic phase obtained from the equation
η6 = 1/4 are inside the two-phase region for both the left
and right borders of the dome, while the hexatic-solid
transition lines calculated from the equation ηT = 1/3
have different locations: it is inside the two-phase region
for the left border and outside for the right one. As it
was discussed above, in the left part of the phase diagram
the system melts through a single first-order transition,
however, at the left part melting occurs through two
transitions with the narrow intermediate hexatic phase
and first-order liquid-hexatic transition and continuous
hexatic-solid one. In the presence of quenched disorder
the hexatic phase appears at the left part of the phase
diagram and considerably widens at the right part.
CONCLUSIONS
In conclusion, in this paper we present the computer
simulation study of melting transition of 2D core soft-
ened system with two lengthes of the repulsive shoulder
(Eq. (1) and Fig. 1) in the presence of random pin-
ning. It is shown that without the quenched disorder
the system with small repulsive shoulder σ = 1.15 which
is close in the shape to the soft disks 1/rn with n = 14
melts in accordance with the melting scenario proposed
in Refs. [30, 31, 33] (first-order liquid-hexatic and contin-
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1.35 with (red circles) and without (black squares) random
pinning.
uous hexatic-solid transitions). Random pinning widens
the hexatic phase, but leaves the melting scenario un-
changed.
Melting of the system with larger repulsive step σ =
1.35 is much more complex (see Fig. 12). At high den-
sities the conventional first-order transition takes place
without random pinning (Fig. 12 (a)). However, disor-
der drastically changes this melting scenario. The single
first-order transition transforms into two transitions, one
of them (solid-hexatic) is the continuous KTHNY-like
transition, while the hexatic to isotropic liquid transition
occurs as the first order transition in accordance with
the recently proposed scenarios [30, 31, 33]. The possible
mechanism for this transition is the spontaneous prolif-
eration of grain boundaries [18, 32, 34]. This scenario of
melting in the presence of pinning was proposed in Ref.
[64]. It should be noted, that melting scenario with the
single first-order transition corresponds to the system at
0.7 0.8 0.9 1.0 1.1
0.2
0.4
0.6  Liquid-solid without pinning
 liquid-hexatic stability line
 hexatic-solid with pinning=0.1%
Hexatic
T
Triangular solid
T
S
Liquid(a)
0.44 0.48 0.52 0.56 0.60
0.10
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T
 G6 instability
 VdW line
 GT instability without pinning
 GT instability with pinning
(b)
FIG. 12: Phase diagram of the system with σ = 1.35: (a) high
density part with first order solid-liquid transition without
random pinning (black lines) and two transitions - first-order
liquid-hexatic and continuous hexatic-solid - for the concen-
tration of the pinning centers equal to 0.1%; (b) low-density
part of the phase diagram. Dashed lines corresponds to the
first order transition calculated from Maxwell construction for
the Van der Waals loops (see Fig. 10). Without random pin-
ning melting occurs through the first-order transition on the
left branch of the dome, while at right branch melting scenario
corresponds to two transitions - first-order liquid-hexatic and
continuous hexatic-solid. Green line demonstrates the shift
of the hexatic-solid transition in the presence of the random
pinning.
low enough temperature. At high temperatures the re-
pulsive shoulder of the potential becomes ineffective, and
the properties of the potential will be similar to the soft
disks 1/rn with n = 14. In this case one can expect
that there is critical temperature (some kind of tricriti-
cal point) above which melting should occur through two
transitions in accordance with the scenario proposed in
Ref. [33].
At low densities the system without pinning melts
through the single first-order transition at the left border
of the dome (Fig. 12) (b), while at the right border one
can observe the two-stage melting in accordance with the
scenario proposed in [30, 31, 33]. The similar behavior
was recently found in the system of Herzian disks [36].
9The random pinning transforms the first-order transition
at left border into two transitions with wide hexatic phase
and widens the hexatic phase at the right border.
It should be noted, that the nature of the first-order
liquid-hexatic transition is still puzzling, because the con-
ventional theory like the KTHNY one can not describe
the first-order liquid-hexatic transition.
The results of this study can be useful for the qual-
itative understanding the behavior of water confined in
the hydrophobic slit nanopores [67], especially because
the square solid structure was found (see Fig. 12) that is
similar to the one discovered in experiment [67].
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